Abstract. It is shown that a Gromov hyperbolic geodesic metric space X with bounded growth at some scale is roughly quasi-isometric to a convex subset of hyperbolic space. If one is allowed to rescale the metric of X by some positive constant, then there is an embedding where distances are distorted by at most an additive constant.
Introduction
The study of Gromov hyperbolic spaces has been largely motivated and dominated by questions about Gromov hyperbolic groups. This paper studies the geometry of Gromov hyperbolic spaces without reference to any group or group action.
One of our main theorems is 1.1. Embedding Theorem. Let X be a Gromov hyperbolic geodesic metric space with bounded growth at some scale. Then there exists an integer n such that X is roughly similar to a convex subset of hyperbolic n-space H n . The precise de nitions appear in the body of the paper, but now we brie y discuss the meaning of the theorem. The condition of bounded growth at some scale is satis ed, for example, if X is a bounded valence graph, or a Riemannian manifold with bounded local geometry. Saying that X is roughly similar to a metric Typeset by A M S-T E X It follows in particular that complex hyperbolic m-space embeds in H n for some n = n(m). It would be interesting to determine or estimate the smallest possible n(m).
The converse of the theorem is straightforward: a geodesic metric space X that is roughly similar to a convex subset W of H n has bounded growth at some scale and is Gromov hyperbolic. This is even known to be true if you weaken the assumption that X is roughly similar to W and instead assume that X is roughly quasiisometric to W .
The outline of the proof of Theorem 1.1 is quite simple. We verify that the Gromov boundary @X has nite Assouad dimension, and then Assouad's theorem 1] implies that (if we rescale the metric of X by a constant) @X has a bilipschitz embedding in R n?1 , for some n. As R n?1 f1g is the boundary of H n , further assuming that the set of all geodesics is cobounded in X (that is, there is a nite upper bound for the distance of any point in X to the union of the geodesics in X ), the embedding of @X in @H n induces an embedding of X in H n . The general statement then easily reduces to this case.
Another embedding theorem presented here says that any -hyperbolic metric space X embeds isometrically in a complete geodesic -hyperbolic metric space. This allows us to generalize statements about geodesic Gromov hyperbolic metric spaces to the non-geodesic setting.
It is known that a rough quasi-isometry f : X ! Y between Gromov hyperbolic metric spaces induces a map @f : @X ! @Y , which is bi-h older and quasiconformal.
However, it turns out that @f satis es a stronger condition. It is what is called below a power quasisymmetry. Conversely, under mild conditions on X and Y , any power quasisymmetry from @X to @Y induces a rough quasi-isometry from X to Y .
Previously, F. Paulin 8] has obtained a characterization of X from @X under the assumption that there is a group acting isometrically and co-compactly on X . His methods and results are di erent.
Given any bounded metric space Z , we de ne a Gromov hyperbolic space Con(Z) such that @ Con(Z) = Z . This is quite similar to a construction by Gromov. It turns out that under mild assumptions Con(@X) is roughly quasi-isometric to X , when X is Gromov hyperbolic.
As an application of the machinery developed, some results about two dimensional Gromov hyperbolic spaces are obtained. We give characterization of H 2 up to rough quasi-isometries.
It is also shown that a planar Gromov hyperbolic graph with bounded vertex degree and nitely many vertices in any compact subset of the plane is roughly quasi-isometric to a convex subset of H 2 , provided that there is a nite upper bound for the distance of a vertex in G to the union of all geodesics in G.
The paper is organized as follows. After reviewing some notions of coarse geometry in Section 2, and some basics of Gromov hyperbolic spaces in Section 3, we show in Section 4 that each Gromov hyperbolic space can be embedded in a complete geodesic Gromov hyperbolic space without changing the hyperbolicity constant . In section 5 we collect some auxiliary results about Gromov hyperbolic spaces that are needed later on.
In Sections 6{8 we discuss the boundary functor X 7 ! @X , the convex hull functor Z 7 ! Con(Z), and their relation. This is the technical core of the paper. We give particular emphasis to the correspondence of maps between Gromov hyperbolic spaces and maps between their boundaries.
In Section 9 we recall the notion of Assouad dimension, and establish a su cient condition for a Gromov hyperbolic space to have a boundary with nite Assouad dimension.
The last two sections give applications of the methods developed in earlier sections. In Section 10 Theorem 1.1 is proved, and in Section 11 the real hyperbolic plane is characterized up to rough quasi-isometry among geodesic metric spaces. and interesting discussions. The present study of Gromov hyperbolic spaces was partly motivated by the work of Phil Bowers and Ken Stephenson on circle packings whose nerve is a planar hyperbolic graph.
Our collaboration started at the Oberwolfach function theory meeting in the spring of 1996. Thanks to the Mathematisches Forschungsinstitut Oberwolfach for its hospitality. Part of this research was completed while the rst author was staying at University of Jyv askyl a in Spring 1997. He is pleased to acknowledge the hospitality of the local Department of Mathematics.
Coarse geometry definitions
Rough quasi-isometries.
Let (X; d) be a metric space. If the metric d is xed, we denote the distance d(x; y) of two points x; y 2 X also by jx ? yj. The diameter of a set A X is denoted by diam(A), and the distance of two set A; B X by dist(A; B).
A set A X is k-cobounded (in X ) for k > 0, if every point x 2 X has distance at most k from A. If A is k-cobounded for some k > 0 we say that A is cobounded. In the same way, we will drop the parameters of a notion if the values of the parameters do not matter.
Let f : X ! Y be a map (not necessarily continuous) between metric spaces X and Y , and let > 1 and k > 0 be constants. Suppose that f(X) is k-cobounded in Y . If, in addition, for all x; y 2 X , (2.1) ?1 jx ? yj ? k 6 jf(x) ? f(y)j 6 jx ? yj + k; then f is called a ( ; k)-rough quasi-isometry. If (2.2) jx ? yj ? k 6 jf(x) ? f(y)j 6 jx ? yj + k; then f is a ( ; k)-rough similarity. If (2.3) jx ? yj ? k 6 jf(x) ? f(y)j 6 jx ? yj + k; then f is a k-rough isometry.
If f : X ! Y is a map that satis es (2.1) for all x; y 2 X without f(X) being cobounded in Y , then we call f a ( ; k)-rough quasi-isometry of X into Y or a rough quasi-isometric embedding. We use similar language for a map that satis es (2.2) or (2.3), but does not necessarily have cobounded image in its target space. Each rough isometry is also a rough similarity, and each rough similarity is a rough quasi-isometry. If f is bijective and satis es (2.1) for k = 0, then it is called a -quasi-isometry or -bilipschitz map.
The classes of maps just introduced have appeared under various names in the literature. Here and in the following we have tried to adopt the following system for our terminology. The word \rough" refers to change of an equality, inequality, etc., de ning a notion by an additive constant, and the word \quasi" to a change by a multiplicative constant. Keeping this in mind, the above terms are more or less self-explanatory. We sometimes deviate from this system, if we feel that a certain term is well-established.
Two maps f; g: X ! Y are roughly equivalent, written f g, if there exists some constant k > 0 such that jf(x) ? g(x)j 6 k for x 2 X . This de nes an equivalence relation on the set of mappings from X to Y . The equivalence class of a map f is called the rough mapping class of f . If f 1 ; f 2 : X ! Y and g 1 ; g 2 : Y ! Z are rough quasi-isometric embeddings, then f 1 f 2 and g 1 g 2 imply g 1 f 1 g 2 f 2 . Compositions of rough quasi-isometric embeddings are maps of the same type. The same statement is true for embeddings by rough similarities or rough isometries. From this it follows that it is possible to de ne categories, where the objects are metric spaces and the morphisms are rough mapping classes of our various types of embeddings.
A rough-inverse of a rough quasi-isometry f : X ! Y is a rough quasi-isometry g: Y ! X such that g f id X and and f g id Y . Every rough quasi-isometry has a rough inverse. If in addition the rough quasi-isometry is a rough similarity or a rough isometry, then the rough inverse is also a rough similarity or a rough isometry, respectively.
We A geodesic, a geodesic ray or a geodesic segment in X is an isometry : I ! X into X , where I is R , 0; 1) or a closed segment in R , respectively. Similarly, if : I ! X is a k-rough isometry of I = R into X , we call it a k-rough geodesic. We also speak of k-roughly geodesic rays or k-roughly geodesic segments, if I = 0; 1) or I is a closed segment in R , respectively.
We call subsets of X geodesics, rough geodesics, etc., if they are images of a path in the corresponding class.
A geodesic metric space is a metric space X such that for any two points x; y 2 X there is a geodesic segment joining x and y. We denote any geodesic segment with endpoints x; y by x; y]. Note that this notation is ambiguous, since x; y] may not be unique.
The space X is k-roughly geodesic, if for every x; y 2 X there exists a kroughly geodesic segment joining x and y. It is k-almost geodesic, if for every x; y 2 X and every t 2 0; jx ? yj , there is some z 2 X with jx ? zj ? t 6 k and jy ? zj ? ( x ? yj ? t 6 k.
The reader, who might be content with studying only geodesic metric spaces, may question the motivation for introducing the concepts of almost geodesic and roughly geodesic. It turns out that the setting of roughly geodesic spaces is more tting with the philosophy of Gromov hyperbolic spaces, and it is worthwhile to work in that setting. In particular, the spaces Con(Z), which we will construct and will be important for us, are roughly geodesic, and it will be unnecessarily cumbersome to modify the construction to make them truly geodesic. Remark 5.3 below further discusses this issue.
Constants.
In the following, we will encounter various constants whose precise value usually does not matter.
The letter C will denote positive numerical constants. Similarly, C(a; b; c; : : : ) will denote universal positive functions of the parameters a; b; c; : : : . Sometimes we write C = C(a; b; c; : : : ) to emphasize the parameters on which C(a; b; c; : : : ) depends and abbreviate C(a; b; c; : : : ) to C . We will use the same letter for possibly di erent constants and functions.
The notation O(1) will be used for real numbers whose absolute value is bounded by a positive numerical constant that can be computed explicitly in principle. Similarly, we use the notation O a;b;c;::: (1) for real numbers whose absolute value is bounded by a constant which can be chosen in a way only depending on the parameters a; b; c; : : : .
Some basics of Gromov hyperbolic spaces
We here review some de nitions and elementary facts concerning Gromov hyperbolic spaces. For a more detailed account of this material, the reader is referred to 3], 5] or 6].
The de nition of Gromov hyperbolicity.
Let X be a metric space. Given three points x; y; w 2 X , the Gromov product of x and y with respect to the basepoint w is de ned as It measures the failure of the triangle inequality to be an equality, and is always nonnegative. Often we will x a basepoint w = o 2 X . Then we abbreviate the Gromov product as (x j y) = (x j y) o ; and let jxj = jx ? oj denote the distance of x from the basepoint. For all x; y; v; w 2 X we have The rst step in the proof is to construct a metric space X 0 X , which has the midpoint property and is -hyperbolic. Set X(0) = X . When = + 1 is a successor ordinal, let X( ) be X( ) a; b], where (a; b) = ( ). For limit ordinals , set X( ) = < X( ). Note that nested unions of -hyperbolic spaces are -hyperbolic. It follows that X = X(! + 1) is a -hyperbolic metric space which contains X and has the property that for any two points in X there exists a midpoint in X . Now de ne inductively X 0 = X , and X i+1 = X i for n 2 N . Let X 0 = i2N X n .
Then X 0 has the required properties.
To construct a complete metric space Y X which has the midpoint property and is -hyperbolic we use trans nite induction again. For this, let ! 0 be the rst uncountable ordinal.
We de ne a metric spaces Z( ) for each ordinal < ! 0 with the property that Z( ) Z( ) if > . Let Z(0) be the completion of X 0 . When = + 1 is a successor ordinal, let Z( ) be the completion of Z( ) 0 Thus, Y has all the required properties and the proof is complete.
Rough geodesics in almost geodesic metric spaces
In this section, we collect various geometric statements that will be used later. Almost all of this material has already appeared in the literature, perhaps in slightly di erent form. Therefore, we will mostly skip the proofs or only outline the main ideas. An important observation that often serves as a guiding principle in proving statements about a -hyperbolic space X is the fact that given any n-point set M X there exists a k-rough isometric embedding of M into a metric tree with k = k( ; n) (cf. 5], pp. 33{38). In this way geometric statements about nite point sets in X can be reduced to an essentially combinatorial problem about the location of a nite point set in a tree.
We start with a lemma that is very useful to estimate distances of points in a Gromov hyperbolic space. An intuitive interpretation of this statement is given below.
5.1. Lemma. Let Proof. On the one hand, (3.5) gives
Since (x j y) 6 jxj^jyj, this implies jxj^(a j b)^jyj > (x j y) + O ;c (1):
On the other hand,
The combination of these two inequalities is
The lemma follows, because jx ? yj = jxj + jyj ? 2(x j y). A roughly geodesic ray : 0; 1) ! X in a Gromov hyperbolic space converges at in nity, in the following sense. For each sequence ft i g ! 1, the sequence (t i ) converges at in nity, and the equivalence class of this sequence does not depend on the choice of ft i g. The equivalence class of (t i ) is called the endpoint of on @X , or the limit of . We will denote it by lim t!1 (t) or simply by lim . The endpoints of a rough geodesic : R ! X are de ned similarly. Suppose 1 and 2 are two roughly geodesic rays in a Gromov hyperbolic space X with initial point o and endpoints a and b, respectively. Suppose a 6 = b. We can apply Lemma 5.1 for points x = 1 (t) and y = 2 (t), t > 0. In this situation the lemma says that the roughly geodesic rays run close to each other as long as 0 6 t 6 (a j b), but they start to spread at t = (a j b): 5.2. Proposition. Let X be a -hyperbolic, k-almost geodesic metric space.
Then there exists a constant k 0 = k 0 ( ; k) with the following properties.
(1) For all points x; y 2 X there exists a k 0 -roughly geodesic segment : a; b] ! X with (a) = x and (b) = y.
(2) For all points x 2 X , y 2 @X there exists a k 0 -roughly geodesic ray : 0; 1) ! X with (0) = x and lim t!1 (t) = y. (3) For all points x; y 2 @X , x 6 = y, there exists a k 0 -rough geodesic : R ! X with lim t!?1 (t) = x and lim t!1 (t) = y. Proof. All three statements have similar proofs, so we prove only (2). For each t > 0, let z t 2 X be some point satisfying (y j z t ) > t and let y t 2 X satisfy jy t j 6 t + k and jz t ? y t j 6 jz t j ? t + k. Similarly, let x t 2 X satisfy jx t j 6 t + k and jx ? x t j 6 jxj ? t + k. Let It follows from the de nitions that each roughly geodesic metric space is also an almost geodesic metric space. Part (1) of the previous proposition implies the converse of this statement for Gromov hyperbolic spaces. 5.3. Remark. The reader may wonder why we introduced the concepts of almost geodesic spaces, roughly geodesic rays, etc. It seems that less baggage of terminology would be needed if we had restricted ourselves to geodesic metric spaces. Even without being able to prove statements in the utmost generality, the essential features and ideas of the theory might be preserved.
Parts (2) and (3) of Proposition 5.2 can serve as a justi cation for introducing the concepts of roughly geodesic rays and rough geodesics. When we assume that X is geodesic, then the existence of geodesic rays and geodesics in parts (2) and (3) will not be true in general, unless we make additional assumptions, for example, that X is proper (closed balls are compact). In addition to that, the concepts of almost and roughly geodesic spaces, and the corresponding notions of roughly geodesic segments, etc., are better adapted to the philosophy of Gromov hyperbolic spaces: Bounded distortions do not matter, since they do not a ect the structure of the space on large scales. While the property of being a geodesic metric space is very sensitive to these distortions, the property of being almost and roughly geodesic is more robust, and preserved under rough isometries, for example.
In spite of this, sometimes it does make sense to restrict oneself to geodesic metric spaces. A handy tool for generalizing results about Gromov hyperbolic geodesic metric spaces to the general case is Theorem 4.1. For example, geodesic stability generalizes in the following way.
5.4. Proposition. Let X be a -hyperbolic metric space, and 1 ; 2 be ( ; k)- ? (x j z) w ? (x j y) w + C:
Here, image points under f are indicated by a prime, and C = C( ; k; ; c).
Statement (1) will be used to de ne the map @f : @X ! @Y for a rough quasiisometry f : X ! Y (cf. Prop. 6.3). From Corollary 6.4, which is a generalization of (2), it will follow that @f is a power quasisymmetry (cf. Thm. 6.5).
Note that if (x j z) w ? (x j y) w 6 0 in (2), we get a similar inequality with the roles of and ?1 reversed. To see this exchange y and z. This shows that (2) holds under the slightly weaker assumption (x j z) w ? (x j y) w > ?C . We will need this improved version of (2) in the proof of Corollary 6.4. Proof. The statement is essentially Prop. 15 on pp. 89{90 in 5]. We will only outline the main idea of the proof. In order to prove (2) ( (1) is just a special case putting y = w) we note that the expression (x j z) w ? (x j y) w is roughly the distance between the rough center of the triangle x; z; w] and the rough center of the triangle x; y; w]. From Proposition 5.4 it follows that the image of the rough center of x; z; w] is within bounded distance to the rough center of x 0 ; z 0 ; w 0 ], and similarly for x; y; w]. The proposition follows.
A metric space X is called k-visual with respect to o 2 X , if each point in X lies on a k-roughly geodesic ray emanating from o. We call X k-visual, if it is k-visual with respect to some point o 2 X .
It is easy to see that if there exists a point o 2 X such that the union of the k 1 -roughly geodesic rays from o is k 2 -cobounded, then X is k-visual with k = k(k 1 ; k 2 ). The following proposition gives an improved version of this statement for Gromov hyperbolic spaces.
5.6. Proposition. Let X be a -hyperbolic metric space with basepoint o.
Suppose that the union of all ( ; c)-roughly quasi-isometric rays emanating from o is d-cobounded in X . Then X is k-visual with respect to o and k-roughly geodesic, where k = k( ; ; c; d).
The proposition implies in particular that every visual Gromov hyperbolic space is roughly geodesic. Proof. Since the proof only employs standard techniques, we will only outline the main ideas and leave the details to the reader.
It is not hard to show that if : 0; 1) ! X is a ( ; c)-rough quasi-isometry into some -hyperbolic space, then there exists a map s : 0; 1) ! 0; 1) with s(0) = 0 such that 0 = s is a C( ; ; c)-rough isometry into X and d Haus ( ; 0 ) = O ; ;c (1): In other words, a roughly quasi-isometric ray admits a \rough reparameterization" to a roughly geodesic ray.
From this statement it follows that under the assumptions of the proposition the union of all k-roughly geodesic rays emanating from o is all of X for appropriate k = k( ; ; c; d).
In order to show the second statement let x; y 2 X be arbitrary. By the rst part of the proof, there exist C( ; ; c; d)-roughly geodesic rays 1 ; 2 emanating from o such that x 2 1 and y 2 2 . Now a C( ; ; c; d)-roughly geodesic segment joining x and y can be found by glueing together appropriate pieces of 1 and 2 . 6 . The boundary functor @ The relation of a Gromov hyperbolic space to its (Gromov) boundary @X have been extensively studied (the de nitions are given below). Suppose that f : X ! Y is rough quasi-isometry of Gromov hyperbolic geodesic spaces. It is well known that there is an induced map @f : @X ! @Y , and @f is H older and quasiconformal.
Indeed @f satis es a stronger condition, namely, it is a power quasisymmetry. This observation is used to show that under certain mild conditions X is determined by the quasisymmetry class of @X up to rough quasi-isometries. F. Paulin 8 ] obtained a di erent characterization of X from @X , but it seems that for his characterization one must assume that there is a group acting co-compactly on X .
The next goal is to identify the precise relevant structure on @X that is induced by the metric on X . The correct structure would depend on how seriously the metric on X is taken. More precisely, if you are interested only in properties of X that are invariant under quasi-isometries, the corresponding structure on @X would be coarser than if you were interested in X up to rough isometries.
De nition. Let X and Y be two metric spaces, f : X ! Y be a bijection and > 0, > 1.
(1) The map f is an ( ; )-snow ake map if for all x; y 2 X ?1 jx ? yj 6 jf(x) ? f(y)j 6 jx ? yj : ( 2) The map f is an ( ; )-quasisymmetry if for all distinct points x; y; z 2 X jf(x) ? f(z)j jf(x) ? f(y)j 6 ; jx ? zj jx ? yj :
for 0 < t < 1; t for 1 6 t:
It seems that the class of maps in (1) has not been given a name in the literature. We call them snow ake maps, because these maps behave similar as the map giving the parameterization of the well-known von Koch snow ake curve.
In contrast to this, quasisymmetries have appeared in the literature before (cf. 12], 14]). Our usage of this term slightly di ers from the common one. In general, a map is called a quasisymmetry if the above condition holds for some increasing homeomorphism : (0; 1) ! (0; 1). So our notion of quasisymmetry is stronger. To emphasize this distinction we call a map a power quasisymmetry, if it is an ( ; )-quasisymmetries for some > 0 and > 1. For some spaces, e.g., connected spaces, quasisymmetries are always power quasisymmetries (cf. 12], Cor. 3.12).
Every snow ake map is a power quasisymmetry. It is straightforward to check that inverse maps and compositions of snow ake maps are again snow ake maps. The same statement is true for power quasisymmetries. In fact, the inverse of an ( ; )-quasisymmetry is an ( ; C( ; ))-quasisymmetry. Quasisymmetries are homeomorphisms.
Two If f is a rough quasi-isometry, then it has a rough inverse h: Y ! X which is a rough quasi-isometry. Since @(id X ) = id @X , the statements (2), (3) and the relations h f id X , f h id Y imply @h @f = id @X and @f @h = id @Y . From this it follows that @f is bijective. will indicate, it is more appropriate to consider rough mapping classes of rough similarities and rough quasi-isometries as the morphisms of C 1 and C 2 , respectively.
7. The metric space Con(Z) Given a bounded metric space (Z; d), we now construct a Gromov hyperbolic space Con(Z). The space Con(Z) has properties analogous to the hyperbolic convex hull of a set in the boundary of a real hyperbolic space. We refer to Section 10 for some further discussion. Our construction is similar to one given by Gromov The motivation of the factor 2 comes from the fact that it corresponds to curvature ?1 for real hyperbolic spaces. More serious is the problem that there might exist no y with h = jx ? yj, or even worse, no y such that jx ? yj is comparable to h. In this case, one has to \interpolate" between those heights h which are attained as distances of points.
The following lemma gives the basic step in the construction of b f . For z 2 Z , we denote by R z the ray in Con(Z) that ends at z 2 Z : R z = fzg (0; D(Z)] Con(Z). The maps f x of the lemma will be used in the de nition of b f , and will be the restrictions of b f to the rays R x (cf. the de nition following Lemma 7.3). (6) If f is a bilipschitz or snow ake map, then the maps f x , x 2 X , can be dened such that they are rough isometries or rough similarities with the same parameters, respectively. The parameters only depend on the parameters of f . These maps satisfy statements similar to (2){(5) (cf. proof).
Proof. We may assume diam(X) > 0. For x 2 X let S x N be the set of all l 2 N for which the annulus A X (x; l) = fz 2 X : 2 ?l?1 diam(X) < jz?xj 6 2 ?l diam(X)g is nonempty. The set S x can be regarded as the \scale spectrum" of X at x. Note that m = minS x 2 f0; 1g. Similarly, let S x 0 be the scale spectrum of Y at the point x 0 .
We de ne a map x : S x ! S x 0 by x (l) = sup l 0 j 9y 2 X : 2 ?l?1 diam(X) < jy ? xj; y 0 2 A Y (x 0 ; l 0 ) ; 8l 2 S x : Obviously, x is non decreasing on S x . If l 2 S x there exists a point y 2 A X (x; l). If we take any such point y, then for a unique l 0 2 S x 0 we have y 0 2 A Y (x 0 ; l 0 ). From the fact that f is an ( ; c)-quasisymmetry it follows that jl 0 ? x (l)j = O ;c (1).
For l 1 ; l 2 2 S x choose points y 1 2 A X (x; l 1 ), and y 2 2 A X (x; l 2 ). Since f is an ( ; c)-quasisymmetry, Obviously, x is continuous and non decreasing. Furthermore, lim t!1 x (t) =
1. This follows from the de nition of x if M < 1 and from (7.5) if M = 1. Now (7.6) shows that x ( 0; 1)) is C( ; c)-cobounded in 0; 1). Since x : S x ! S x 0 is non decreasing and satis es (7.5), it follows that x : 0; 1) ! 0; 1) satis es (7.5) for all l 1 ; l 2 2 0; 1). This statement is straightforward to prove. We leave the details to the reader. (Note that (7.5) is true, when l 1 ; l 2 are in some minimal non degenerate interval with endpoints in S x f0; 1g. Introducing appropriately chosen points in S x \ l 1 ; l 2 ], the general case of (7.5) can be reduced to this special case.)
These considerations show that x : 0; 1) ! 0; 1) is a non decreasing rough quasi-isometry with parameters only depending on and c. The statements about the maps f x follow directly from the properties of the maps x . This is clear for (1) and (2). For (2) note that x ? log 2 (D=jx ? yj) = log 2 (D 0 =jx 0 ? y 0 j) + O ;c (1) for x; y 2 X , x 6 = y. Statement (4) follows from (2) and (3).
To prove (5), de ne y : S y ! S g(y) , y 2 Y , and x : S x ! S g(f(x)) , x 2 X , in the same way for g and g f , respectively, as the maps x , x 2 X , were de ned for f . Let x 2 X . Making the parameters of the maps f and g larger if necessary, we may assume that both are power quasisymmetries with the same parameters, and c, say. This implies that for t 2 S x (7.8) x (t) = This shows that (7.8) holds for all t 2 0; 1). The maps (g f) x , x 2 X , and g y , y 2 Y , are de ned similarly as in (7.7) using the maps x and y , respectively.
Statement (5) then follows from (7.8).
To see that (6) . The stated properties of the maps f x are immediate to check. The constants in (1), (2), (4) will only depend on and c. If S(X) is nite, the constant in (2) will also depend on d(X) and diam(X). The snow ake version of statement (5) To that purpose de ne h = jx 1 ? x 2 j _ h 1 _ h 2 , p 1 = (x 1 ; h), p 2 = (x 2 ; h), An inequality in the opposite direction can be obtained in the same way. This shows that b f is a rough quasi-isometry. If f is a snow ake or a bilipschitz map, the same argument based on (7.9), (7.10) and Lemma 7.3.(6) shows that b f is a rough similarity or a rough isometry, repectively. Finally, the last statement follows from Lemma 7.3. (5).
Again we may summarize the results of this section in the language of categories.
Let C 1 ; C 2 ; C 3 be categories, where the objects are bounded metric spaces, and the morphisms are power quasisymmetries, snow ake maps, and bilipschitz maps, respectively.
Let D 1 ; D 2 ; D 3 be categories, where the objects are visual Gromov hyperbolic spaces, and the morphisms are rough mapping classes of rough quasi-isometries, rough similarities, and rough isometries, respectively. Then Z 7 ! Con(Z) is a functor from C i to D i for i 2 f1; 2; 3g.
In particular, we get the following correspondence for the types of maps power quasisymmetry b = rough quasi-isometry; snow ake map b = rough similarity; bilipschitz map b = rough isometry:
Note that the rst two correspondences (going from right to left) are exactly what we found in the last section for the functor X 7 ! @X .
The relation of @X and Con(Z)
In this section we will investigate the relation of the functors X 7 ! @X and Z 7 ! Con(Z). We content ourselves with proving two statements about the objects of the categories involved. Similar questions can also be studied for the morphisms. Since the image of f is cobounded in X , it follows from (8.2) that f is a rough quasi-similarity. Note that if = 1, then f is a rough isometry.
The last two statements may be summarized as follows. If Z is a complete bounded metric space, then Z sf = @(Con Z); where sf = means snow ake equivalence of the spaces. Note that for a space to be snow ake equivalent to the boundary of a Gromov hyperbolic space it is necessary that the space is complete and bounded by Proposition 6.2.
On the other hand, if X is a visual Gromov hyperbolic space, then X ' Con(@X); where ' means rough similarity of the spaces. It is not hard to see that the property of being visual and Gromov hyperbolicity are preserved under rough similarities. So the assumptions on X are necessary by Theorem 7.2.
These two statements show that in some sense X 7 ! @X and Z 7 ! Con(Z) are inverse to each other.
Growth and Assouad dimension
In this section we prove Theorem 9.2 which will be used in Sections 10 and 11.
De nition. (cf. 1]) Let X be a metric space. For ; > 0, let S( ; ) be the maximal cardinality of a set V X such that 6 jx ? yj 6 for all x; y 2 V , x 6 = y. De ne t to be the in mum of all numbers s > 0 such that for some constant K > 0 the inequality S( ; ) 9.2. Theorem. Let X be a Gromov hyperbolic geodesic metric space with bounded growth at some scale. Then the Assouad dimension of @X is nite.
As we remarked above, the assertion is equivalent to @X being doubling. So a weak doubling condition on X implies that @X is doubling. Note that the properties of a metric space to have nite Assouad dimension and to be doubling are preserved by quasisymmetric maps. In particular, the statement about @X in the theorem is independent of which metric in the canonical gauge we choose.
Examples for Gromov hyperbolic geodesic metric spaces having bounded growth at some scale are all complete simply-connected Riemannian n-manifolds X with sectional curvature satisfying ?b 2 6 6 ?a 2 < 0. In this case open balls of radius 1 in X are bilipschitzly equivalent to the unit ball in R n with bilipschitz constant only depending on a and b. This statement follows from Topogonov's comparison theorem, and implies that X has bounded growth at some scale. In particular, complex hyperbolic spaces are Gromov hyperbolic geodesic metric spaces with bounded growth at some scale.
Note that any bounded degree graph has bounded growth at some scale. Hence, every nitely generated hyperbolic group is has bounded growth at some scale.
The proof of 9. Given any z 2 @X and every t > 0 there is an x 2 X such that jxj = t and (x j z) ? t = O (1) . To verify this, take w 2 X with (w j z) > t and let x be the point satisfying jxj = t on the geodesic segment o; w]. ? log ? C( ) 6 (z i j z j ) 6 ? log + C( ); i 6 = j: Let x 1 ; : : : ; x n be points satisfying jx j j = ? log , ? log ? (x j j z j ) 6 C( ), and Let y 1 ; : : : ; y n be points satisfying jy j j = ? log , ? log ? (y j j z j ) 6 C( ).
Then it is easy to see from Lemma 5.1 and (9.3) that By changing the constants if necessary, the same is true even without the assumption that log( = ) is much larger than r. Since the diameter of X is nite, the assumption 6 1 is also inconsequential. We conclude that the Assouad dimension of @X is nite.
Embeddings into real hyperbolic spaces
The de nition of the metric on Con(X) was motivated by the upper half-space model of real hyperbolic n-space H n . In this model H n = R n + = f(x 1 ; : : : ; x n ) 2 R n : x n > 0g is equipped with the Riemannian metric given by the length element The space H n is a Riemannian n-manifold with constant sectional curvature ?1.
We identify R n?1 with the hyperplane in R n given by the equation x n = 0.
For x 2 R n we write x = (z; h), where z 2 R n?1 , h 2 R . Then H n = f(z; In particular, the euclidean metric is bilipschitz to a metric in the canonical gauge of @M . These statements can be veri ed using (10.1), and considerations as in the proof of Theorem 8.1. If A H n @H n , let hull(A) H n be the intersection of all closed half-spaces H H n such that A H @H . Recall that in the upper half-space model of H n , half-spaces in H n are determined by hyperplanes in R n perpendicular to R n?1 or spheres with center in R n?1 . The set hull(A) is the smallest set M H n that is hyperbolically convex and closed, and satis es A M @M . Here we have to assume that A consists of more than one point if A @H n , for otherwise hull(A) = ;.
We need the following facts about hull(A).
10.1. Proposition. It is worthwhile to note that the constant O(1) in the statement is absolute. In particular, it does not depend on the dimension n. Proof. Statement (1) and (2) can easily be proved, for example, by using the Euclidean unit ball in R n as the Klein model for H n (where the hyperbolic geodesics are line segments) with p corresponding to 0. We leave the details to the reader.
(3) Since Z is compact, @(hull(Z)) = Z . To see this note that Z @(hull(Z)).
On the other hand, assume z 2 R n?1 nZ @H n . Since Z is compact, there exists a small closed euclidean ball B centered at z which is disjoint from Z .
Then H = B \ R n + is a closed half-space in H n disjoint from hull(Z). Hence, z 6 2 @(hull(Z)).
By the second part of (1) 10.2. Theorem. Let X be a Gromov hyperbolic geodesic metric space with bounded growth at some scale. Then there exists an integer n such that X is roughly similar to a convex subset of hyperbolic n-space H n . Note that the theorem has an easy converse. If X is geodesic and roughly similar to a subset of H n , then X is Gromov hyperbolic and has bounded growth at some scale.
Let d be the metric on X . The theorem says that for some c > 0 the metric space (X; cd) is roughly isometric to a convex subset of H n . The proof shows that there is a C = C ? (X) > 0 such that c may be chosen as any number in (0; C ) = Con(Z). Since @X is complete, bounded, and contains more than one point, Z also has these properties. In particular, Z is compact. Proposition 10.1 shows that Con(Z) = hull(Z). Therefore, X ' hull(Z) H n , proving the assertion in this case. Now drop the additional assumptions on X . Since X has bounded growth at some scale, there exist constants R > r > 0, N 2 N such that every open ball of radius R in X can be covered by N open balls of radius r. Let X 0 be a maximal set of points in X with the property that the distance between any two points in X 0 is at least 5R.
At each point x 0 2 X , we glue an isometric copy of the ray 0; 1) to X by identifying x 0 with 0, the initial point of the ray. The new space b X carries a unique metric which agrees with the metric on X , the metrics on the rays glued to X , and makes b X a geodesic space. If a geodesic segment connects two points lying on di erent rays glued to X , then this segment contains the initial points of the rays. Using this and the thin triangle de nition of hyperbolicity, it is not hard to check that b X is Gromov hyperbolic.
If we assign to each point x 0 2 X 0 the limit point in @ b X of the ray glued to x 0 , then we get an injective embedding of X 0 into @ b X . From this we see that we may assume that @ b X contains more than one point. For otherwise, X 0 is a one point set. Then X has bounded diameter. The theorem is true in this case, X being roughly similar to a point.
Fix some basepoint o 2 X . For each x 0 2 X 0 , the union of a geodesic segment o; x 0 ], and the ray glued to X at x 0 is a geodesic ray emanating from o. By de nition of X 0 this implies that the union of the geodesic rays from o is 5R-cobounded. for every x; y 2 S X admits an embedding into Con h ? l 1 (Z) by a rough similarity. The same is then true for X .
Some two dimensional applications
In this section a characterization of the hyperbolic plane among geodesic metric spaces up to rough quasi-isometry is given. It would be interesting to have similar statements for higher dimensional hyperbolic spaces as well. We also give a su cient condition for a Gromov hyperbolic planar graph to be roughly quasi-isometric to a convex subset of H 2 .
De nition. A metric space Z is called a -quasi-circle for > 1, if it is homeomorphic to the circle S 1 = fx 2 C : jxj = 1g, and has the property that for any pair of distinct points x; y 2 Z , the diameter of at least one of the two components of Z ? fx; yg is at most jx ? yj.
We need the following result (cf. 12], Thm. 4.9). The property of a metric space being a quasi-circle is preserved by quasisymmetric maps. In particular, for the condition that @X is a quasi-circle it does not matter which metric in the canonical gauge on @X we choose.
There are Gromov hyperbolic geodesic metric spaces which are visual, have bounded growth at some scale, and for which @X is a topological circle, but which are not roughly quasi-isometric to H Following is an application of Theorem 11.2 to planar graphs. We consider only connected graphs G and think of G as being equipped with a path metric in the usual way, where the edges are intervals of length 1.
11.3. Theorem. Let A proof can be based on Rips' thin triangles de nition. The details are left to the reader.
We shall also need a recent theorem of P. Bowers.
11.5. Theorem 2]. Let G be the 1-skeleton of a triangulation of the plane, which is Gromov hyperbolic. Then the Gromov boundary @G is either a single point or a topological circle.
In the latter case, suppose that is a geodesic in G, and let G 1 , G 2 be the two halves of G \cut" by . Then G 1 and G 2 are Gromov hyperbolic and the closed arcs on the circle @G determined by the endpoints of are the Gromov boundaries of G 1 and G 2 . Proof of 11.3. Assume that G is -hyperbolic.
Our rst goal is to obtain a better understanding of the planar embedding of G. A face is a component of R No geodesic in G intersects the interior of D( ), because otherwise we could contradict the minimality of the length of or of D( ) by replacing an arc of by an arc of \ D( ). Since the union of all geodesics is cobounded G, it follows that there is an upper bound on the distance from any vertex on @F to . Since the degrees of the vertices in G are bounded, and the length, n, of is bounded, it follows that the number of vertices in @F is bounded. Consequently, we assume, with no loss of generality, that each bounded face is a triangle (that is, has three vertices on its boundary), because triangulating the bounded faces gives a planar graph roughly isometric to G.
We now deal with the unbounded faces, and prove that with no loss of generality it may be assumed that the boundary of an unbounded face is a geodesic. Let Then G is roughly quasi-isometric to the hyperbolic plane, or to a hyperbolic halfplane.
The proof easily follows from Theorem 11.3, and is left to the reader.
